An interior point of a planar point set P is a point of P such that it is not on the boundary of the convex hull of P. For each integer k ≥ 3, let h(k) be the smallest integer such that every finite planar point set P with no three collinear points and with at least h(k) interior points has a subset Q whose the interior of the convex hull of Q contains exactly k or k + 4 interior points of P. In this paper, we show that h(3) = 7.
Introduction
In this paper, we suppose that every three points in any finite planar point set are not collinear. In 1935, Erdös and Szekeres [3] posed a planar point set problem: for any integer k ≥ 3, determine the smallest integer f (k) such that any finite point set of at least f (k) points has a subset of k points whose the convex hull contains exactly k vertices. In 2001, Avis et al. [2] posed an interior point problem: for any positive integer k, determine the smallest integer g(k) such that any finite point set P of at least g(k) points has a subset Q whose the interior of the convex hull of Q contains exactly k points in P. For 1 ≤ k ≤ 3, g(k) = k 2 (see [2, 5] ). This problem is still open for k ≥ 4. Moreover, Avis et al. [1, 2] presented two results about similar problem as follows: (1) 3 is the smallest integer such that any finite point set P of at least 3 interior points has a subset Q whose the interior of the convex hull of Q contains exactly 3 or 4 points in P, and (2) 7 is the smallest integer such that any finite point set P of at least 7 interior points has a subset Q whose the interior of the convex hull of Q contains exactly 4 or 5 points in P. In 2010, Wei et al. [6] proved that 8 is the smallest positive integer such that any finite point set P of at least 8 interior points has a subset Q whose the interior of the convex hull of Q contains exactly 3 or 5 points in P. In this paper, we show that 7 is the smallest positive integer such that any finite point set P of at least 7 interior points has a subset Q whose the interior of the convex hull of Q contains exactly 3 or 7 points in P.
Preliminaries
Let P be a finite planar point set and Q ⊆ P. The set of all vertices of CH(P) is denoted by V(P). The number of elements in V(P) denoted by v(P). The convex hull of P is denoted by CH(P). The interior of CH(P) is denoted by intCH(P). An interior point of P is a point of P such that it is not on the boundary of CH(P). The set of all interior points of P is denoted by I(P). The number of elements in I(P) denoted by i(P). The set I(P)∩intCH(Q) denoted by I Proposition 2.1 [5] 9 is the smallest integer such that any finite point set P of at least 9 interior points has a subset Q whose the interior of the convex hull of Q contains exactly 3 points in P. Proposition 2.2 [5] Every edge of a deficient point set of type P (3, 6, 3, 3) is of both type-1 and type-2. Proposition 2.3 [4] Every edge in P (3, 4, 3, 3) is of type-1 or of type-2. The set P (3, 4, 3, 3) has at least two edges each of which is of both type-1 and type-2. Moreover, if P(3, 4, 3, 3) has only two edges each of which is of both type-1 and type 2, then there are two possible configurations as shown in Fig. 1 .
For any integer k ≥ 3, we let h(k) is the smallest positive integer such that every planar point set P with no three collinear points and with at least h(k) interior points has a subset Q whose the interior of the convex hull of Q contains exactly k or k + 4 points of P. 
Main Results
In this section, we prove that h(3) = 7.
Lemma 3.1 Let P be a finite planar point set. Assume that v(P) = 3 and i(P) = 8. Then P has a 3-int or 7-int subset.
Proof. Suppose that each subset of P is not a 3-int subset. In [5] , we have only three different configurations of P (3, 8, 3, 3) as shown in Fig. 2 . Each configuration has a subset Q whose i * (Q) = 7. Thus, P has a 3-int or 7-int subset.
Lemma 3.2 Let P be a finite planar point set. Assume that v(P) = 4 and i(P) = 8. Then P has a 3-int or 7-int subset.
Proof. Let V(P) = { x, y, z, w }. Assume that vertices x, y, z, w put into anticlockwise positions as shown in Fig. 3 . Suppose that each subset of P is not a 7-int subset. Let T = { ∆xyz, ∆yzw, ∆zwx, ∆wxy }.Then A is not 7-int subsets for all A ∈ T. If i
Then ∆xyz is not a 1-int subset. Similarly, ∆yzw, ∆zwx and ∆wxy are not 1-int subsets. We will show that P has a 3-int subset by consider seven cases.
Case1. i * (A) = 3 for some A ∈ T. In this case, P has a 3-int subset. Case2. i * (A) = 5 for some A ∈ T. WLOG, we can assume that A = ∆xyz. Then i * (∆zwx) = 3. In this case, P has a 3-int subset. Suppose that each subset of P is not a 3-int subset. By Proposition 2.3, it follows that the edge xz of ∆xyz is of type-1 or of type-2, and the edge xz of ∆zwx is of type-1 or of type-2. If the edge xz of ∆xyz is of type-1 and the edge xz of ∆zwx is of type-2, then P has a 3-int subset. If the edge xz of ∆xyz is of type-2 and the edge xz of ∆zwx is of type-1, then P has a 3-int subset. Next, we will assume that the edge xz of ∆xyz and the edge xz of ∆zwx are of type-1, or the edge xz of ∆xyz and the edge xz of ∆zwx are of type-2. Similarly, we will assume that the edge yw of ∆yzw and the edge yw of ∆wxy are of type-1, or the edge yw of ∆yzw and the edge yw of ∆wxy are of type-2. Now, we divide into four subcases. Subcase7.1. The edge xz of ∆xyz, the edge xz of ∆zwx, the edge yw of ∆yzw and the edge yw of ∆wxy are of type-1. We obtain only one possible configuration as shown in Fig. 4(a) .
However, there is a subset Q of P such that i * (Q) = 3, as shown in Fig. 4(b) . Thus, P has a 3-int subset. This is a contradiction.
Subcase7.2. The edge xz of ∆xyz, the edge xz of ∆zwx, the edge yw of ∆yzw and the edge yw of ∆wxy are of type-2. We obtain only one possible configuration as shown in Fig. 4(c) . However, there is a subset Q of P such that i * (Q) = 3, as shown in Fig. 4(d) . Thus, P has a 3-int subset. This is a contradiction.
Subcase7.3. The edge xz of ∆xyz and the edge xz of ∆zwx are of type-1, but the edge yw of ∆yzw and the edge yw of ∆wxy are of type-2. We obtain only one possible configuration as shown in Fig. 4(e) . However, there is a subset Q of P such that i * (Q) = 3, as shown in Fig. 4(f) . Thus, P has a 3-int subset. This is a contradiction.
Subcase7.4. The edge xz of ∆xyz and the edge xz of ∆zwx are of type-2, but the edge yw of ∆yzw and the edge yw of ∆wxy are of type-1. Similar to subcase7.3, we obtain that P has a 3-int subset. This is a contradiction This case implies that P has a 3-int subset. Therefore, P has a 3-int or 7-int subset. This proof is completed.
Lemma 3.3
Let P be a finite planar point set. Assume that v(P) ≥ 5 and i(P) = 8. Then P has a 3-int or 7-int subset. Suppose that each subset of the set P is not a 7-int subset. Then ∆v 1 v j v j+1 is not a 7-int subset for all j = 2, 3, …, m. Let T = { ∆v 1 v j v j+1 | j = 2, 3, …, m }. We will show that P has a 3-int subset by consider six cases.
Proof. Let v(P)
Case1. i * (A) = 3 for some A ∈ T. In this case, P has a 3-int subset. Case2. i * (A) = 8 for some A ∈ T. By Lemma 3.1, P has a 3-int subset. Case3. i * (A) = 6 for some A ∈ T. We will divide into two subcases. Subcase3. Proof. Let P be a finite planar point set. If i(P) ≥ 9 then, by Proposition 2.1, the set P has a 3-int subset. If i(P) = 8 then, by Lemma 3.1-3.3, the set P has a 3-int or 7-int subset. If i(P) = 7 then the set P has a 7-int subset. Hence, h(3) ≤ 7. Next, we construct a deficient point set P of type P (3, 6, 3, 7) as shown in Fig. 6 . It is easy to see that i * (Q) ∉ {3, 7} for all Q ⊆ P. Hence, h(3) ≥ 7. Therefore, h(3) = 7. Fig. 6 . A deficient point set of type P (3, 6, 3, 7) 
